Stress Effect on Ultrasonic Wave Propagation Through the Solid-Solid and Liquid-Solid Plane Interface by Degtyar, A. D. & Roklin, S. I.
STRESS EFFECT ON ULTRASONIC WAVE PROPAGATION THROUGH 
THE SOLID-SOLID AND LIQUID-SOLID PLANE INTERFACE 
A. D. Degtyar and S. I. Rokhlin 
The Ohio State University 
Nondestructive Evaluation Program 
Columbus, Ohio 43210 
INTRODUCTION 
Ultrasonic wave propagation in prestressed materials has been studied extensively 
in the last 40 years. Most of this work was concentrated on the effect of stress on the 
velocities of different types of ultrasonic waves in homogeneaus materials. Actually 
stresses affect not only wave velocities but also the boundary conditions at the inter-
face. Many practical applications of ultrasonic stress characterization involve wave 
propagation through the interface between fluid and solid or two solids. In im:rn.er-
sion measurements one needs to consider the effect of stress on wave propagation from 
fluid to solid. This leads to change in propagation direction and energy redistribution. 
Also additional modes could be excited leading to stress-induced birefringence. These 
are all important phenomena which require rigorous quantitative description since the 
stress effect in general is very small. Another important problern is ultrasonic charac-
terization of residual stresses in composite materials [1]. It involves wave propagation 
through an interface between layers with different properties and stress levels. 
Boundary conditions on a free surface for small perturbations in deformed materi-
als were first formulated by Hayes and Rivlin [3], when they considered Rayleigh wave 
propagation in a stressed medium. Generalized relations on a free boundary with an 
arbitrary orientation were presented by Iwashimizu and Kobori [4]. 
In this paper a unified approach for numerical solution of the reflection-transmission 
problern on the plane boundary of separation between two generally anisotropic stressed 
solids is described. Modifications when one of the solids is replaced by fluid is also dis-
cussed. The approach is based on the computational procedure for wave propagation 
through the plane interface between two anisotropic media proposed by Rokhlin et 
al. [5]. Stresses are assumed to be locally homogeneaus and satisfy static boundary 
conditions. No assumption is made on the nature of the stresses which can be both ap-
plied and residual resulting from elastic or plastic deformations. Calculation examples 
are presented for a Ti/SiC, water/plexiglass and water/aluminum interfaces. Stress-
induced and texture-induced birefringence and the resulting shear wave interference 
are discussed. Acoustoelastic constants are calculated assuming hyperelasticity using 
second and third order elastic constants and stresses [2]. 
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CHRISTOFFEL EQUATION IN STRESSED MEDIA 
To describe wave propagation in a prestressed medium the approach proposed 
by Man and Lu [6] is used. The prestressed configuration is the only reference config-
uration in this approach and the initial stress is included in the constitutive equation: 
(1) 
where O"ij is the first Piola-Kirchhoff stress tensor, O"t is the initial static stress, E.;j is 
the elastic strain due to wave propagation, ui,k is the displacement gradient and Cjkl 
is the fourth rank tensor of stress-dependent elastic constants. Eq. (1) gives the rela-
tion between stresses and displacements which arise due to wave propagation in the 
prestressed medium. It is an analog of Hooke's law for the unstressed case. In general 
the stress O"ij can be both applied and residual since there is no restriction that the 
resulting detormation be elastic. 
The equation of motion has the following form: 
(2) 
Using (1), (2) can be rewritten as 
(3) 
Now assuming that the material and local ( over the size of the transducer) stresses are 
homogeneaus and using a plane wave solution for u 
(4) 
where Ais the amplitude of the wave, Pk is the unit displacement vector, K = Kn = 
(w/V)n is the wave number, V= Vn is the wave velocity, n is the wave normal, anci 
x is the position vector, one has the Christoffel equation for an anisotropic material 
under stress: 
(5) 
Eq. (5) has nontrivial solutions when the determinant is equal to zero 
(6) 
where G is the generalized Christoffel tensor with components 
(7) 
It can be shown that Gis symmetric (Gij = Gji) and the eigenvalue problern has three 
real solutions as for an unstressed medium. 
Stress dependent elastic constants can be determined from second and third order 
elastic constants and stresses assuming that the deformation is hyperelastic. Formulas 
for stress dependent elastic constants are presented in [2]. 
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BOUNDARY CONDITIONS ON A PLANE INTERFACE 
In order to describe wave propagation through the interface between stressed me-
dia, we need to formulate boundary conditions on it. Let us consider a plane interface 
between two generally anisotropic stressed media (Fig. 1a). v is the vector normal to 
the interface. Index I refers to the upper medium and II to the lower medium. The 
initial stresses are (O'~)I and (O'?j)II for upper and lower media respectively. 
For the initial static stressed state the boundary conditions represent the conti-
nuity of the traction forces: 
(8) 
Consider a monochromatic plane wave ( 4) propagating from the upper to the 
lower medium. The boundary conditions at the interface represent continuity of dis-
placements and traction forces. In the general case, for a wave incident from the upper 
medium there are three reflected (in the upper medium) and three transmitted (in the 
lower medium) waves. The boundary conditions are: 
3 
LUII 
a=l 
3 3 
O'I'kcvk + L(O'ÜYk)J L(O'.:kvk)n (9) 
a=l a=l 
Each of the terms O';jVj can be written 
(10) 
Note that, in comparison with the boundary conditions for traction forces in the case 
of wave propagation through a plane boundary between two unstressed solids [5], the 
elastic constants are replaced with stress dependent elastic constants and an additional 
term O'?tuj,zVj appears. Boundary conditions for displacements are the same as in the 
unstressed state. 
In the case when the upper medium (I) is fluid (Fig. 1b), static boundary condi-
tions represent the lack of traction force in the lower solid medium (11): 
(11) 
Dynamic boundary conditions represent the continuity of normal traction forces 
O'n = O'.;jVjVi and normal displacements Un = U;V;: 
a=l 
3 
L(O'~)n (12) 
a=l 
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Figure 1. Wave propagation through a plane boundary between (a) two anisotropic 
stressed solids and (b) fluid and anisotropic stressed solid. 
Also shear traction forces are equal to zero in the solid which can be expressed by the 
condition that traction vector is parallel to the interfacenormal v: 
tT0 X V= 0. (13) 
COMPUTATIONAL PROCEDURE 
Here we will discuss the changes which must be introduced into the computational 
procedure for refl.ection-refraction on the boundary between anisotropic unstressed 
solids described in [5] to take the stresses into account. These changes result from the 
new equation for wave propagation inside the stressed solid (Eq. 5) and the modified 
boundary conditions (Eq. 10). 
Let us introduce a system of coordinatessuchthat the 1-3 plane is the incident 
plane and the 2-3 plane is the plane of the interface (Fig. 1a). In the coordinate system 
selected the slowness vectors m = njV = Kjw for incident, refl.ected and transmitted 
waves will have only two nonzero components m1 and m3 . It follows from Snell's law 
that all projections of the slowness vectors on the interface (mf)are equal and thus 
they are known since minc is known. The unknown m3 components can be determined 
from Eq. (6), rewritten in terms of the slowness vector: 
(14) 
This procedure should be carried out separately for upper and lower media. There 
will be six solutions for m3 for each half space. To choose the three physical solutions 
for refl.ected and three for transmitted waves one must require that the energy fl.ow be 
directed into the appropriate half space. 
Wave veloclties and propagation directions are determined from the slowness vec-
tors for all existing waves. Then the wave polarizations are determined as the eigen-
vectors corresponding to the eigenvalues (velocities). 
The unknown amplitudes A"' of the displacements for refl.ected and transmitted 
waves can be found from boundary conditions (9) using slowness and polarization vec-
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Figure 2. (a) Energy transmission coefficient and (b) refraction angle for conversion of 
quasilongitudinal wave in Ti to quasishear wave in SiC. 
tors found. The boundary conditions can be written in the form of six linear algebraic 
equations: 
6 
A0P0 + "A"'P"' t ~ t 0, (15) 
a=l 
6 
A°Ci3kzmZP? + L A"'Ci3kzm'kP;."' 0. 
a=l 
The components of the ray velocity vector can be found if the displacement vector 
is known: 
(16) 
Coefficients of refiection and refraction can be found as 
(17) 
where A"' is the amplitude of the refiected or refracted wave and Ainc is the amplitude 
of the incident wave. 
It is more useful to discuss energy fiow ratios than amplitude ratios. These trans-
formation factors are defined in terms of the energy fiuxes normal to the interfaces: 
(18) 
The r"' characterizes the redistribution of the incident energy flux between different 
reflected and transmitted modes. The energy flux density vector is determined as 
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Figure 3. (a) isotropic solid (b) stress or texture induced shear wave birefringence. 
(19) 
where the bar indicates time averaging. It can be calculated as 
(20) 
The direction of the vector U coincides with the direction of the ray velocity V 9 . 
For a fluid/solid interface Eq.(14) is tobe solved for only the solid half space and 
the system of linear equations (15) representing boundary conditions reduces from 6x6 
to 4x4. The four unknowns are the amplitudes of the three waves transmitted into the 
solid and the one wave reflected into the fluid. 
CALCULATION RESULTS AND DISGUSSION 
In this section we present computational examples based on the procedure de-
scribed above to illustrate the effect of stress on wave propagation through solid/solid 
and liquid/solid interfaces. Also we discuss how stress influences shear wave interfer-
ence. 
Wave Propagation through Ti/SiC Interface 
First we consider a Ti/SiC interface. Stressesarechosen tobe similar to the resid-
ual stresses in fiber (SiC) and matrix (Ti alloy) in Ti/SiC metal matrix composites. 
They arise due to the mismatch in coefficients ofthermal expansion during processing 
at high temperatures and subsequent cooling. These stresses can be estimated using a 
concentric cylinders model [7]. They vary through the thickness of the composite. In 
our calculations we take the average stress values for each phase. Thus, we assume a 
compressional normal stress of 483 MPa perpendicular to the interface in both mate-
rials, tensional normal stress of 400 MPa along the interface direction in Ti and com-
pressional normal stress of 970 MPa along the interface in SiC (Fig. 2). Shear stresses 
are assumed to be zero. Both substrates are considered to be isotropic and also it is 
assumed that these stresses result from elastic deformations. In this case stress de-
pendent elastic constants can be determined using formulas from [2], provided third 
order elastic constants are known. Unfortunately, third order elastic constants for SiC 
are not available in the literature. In these calculations they were replaced by those of 
Si. Third order elastic constants for Ti and Si are taken from [8]. Figure 2a shows the 
energy conversion coefficient from the quasilongitudinal wave in Ti to the quasishear 
wave in SiC. The dashed line represents the results for the unstressed state and the 
solid line for the stressed state. Figure 2b displays the refracted angle versus incident 
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Figure 4. (a) energy transmission coefficient through water/plexiglas interface for 
shear waves in unstressed and stressed states; (b) shear wave velocities in plexiglas. 
90 
angle for the same mode transformation. One can see that the largest deviation is ob-
served close to the critical angles and overall, despite the high stress level, the stress 
effect on energy redistribution is small. 
Wave Propagation through Water/Solid Interface. Shear Wave Interference 
In the next example we consider fiuid/stressed solid interface. Uhrasonie wave 
is incident from water to plexiglass. The plexiglass is considered to be isotropic and 
under uniaxial tensile stress of 20 MPa. Calculations were made for the incident plane 
tilted by the angle </J = 45° with respect to the stress direction (3). Energy trans-
mission coefficients for the shear wave in unstressed and stressed states are shown at 
Fig. 4a. In the absence of stress there is only one shear wave in plexiglass (solid line), 
since the material is isotropic. The presence of stress causes birefringence and the ap-
pearance of two shear waves slow (short dashed line) and fast (long dashed line). 
Stress-induced birefringence described above is very difficult to detect by trying to 
measure shear wave velocities. These waves have very similar velocities (Fig. 4b) and 
they need to travel a significant distance to produce a measurable time delay between 
each other. It is more feasible to consider the interference of these waves. Another 
problern is that birefringence could also be caused by material texture or other sources 
of anisotropy. 
The next example is for a water/textured aluminum system. The material is con-
sidered to be orthotropic with degree of anisotropy of 1%. The angle between the in-
cident plane and the axis of material symmetry is called the azimuthal angle (Fig.3b). 
There exists shear wave interference even in the absence of stresses due to anisotropy. 
The amplitudes of shear waves for this case are shown at Figure 5a as a function of az-
imuthal angle </J for a fixed incident angle 0; = 18°. Figure 5b shows the amplitudes of 
the same waves in the presence of the uniaxial stress of 100 MPa which is applied along 
the material axis. One can see that in the unstressed state there exists a propagation 
direction at which the amplitudes of the transmitted shear waves are equal. There will 
be destructive interference if the wave is incident in this direction. It is shown at Fig-
ure 5c. In the presence of stress there is no direction in the chosen incident plane where 
the amplitudes are equal. Thus, in this case the interference is much less pronounced. 
The interference pattern is affected significantly by stresses. 
SUMMARY 
A rigorous procedure to describe uhrasonie wave propagation through the plane 
interface between two anisotropic stressed solids and fluid and anisotropic stressed 
solid was presented in this paper. The refiection/refraction problern is solved for arbi-
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Figure 5. Amplitudes of shear waves transmitted from water to textured alumirrum (a) 
without and (b) with stress; (c) Shear wave interference in unstressed and stressed tex-
tured aluminum. 
trary wave propagation direction and arbitrary incident wave type. Calculation exam-
ples show that the stress effect on energy redistribution between refiected and trans-
mitted waves is most pronounced near the critical angles. But overall, as expected, the 
stress influence is very small. 
lt was also shown that shear wave interference is infiuenced by stresses. This ef-
fect is mostly due to changes in wave velocities. Destructive interference occurs only 
in directions where the shear wave amplitudes are equal or close to each other. The 
minimum position is sensitive to stresses. The main obstacle here is to distinguish the 
interference of shear waves induced by stresses and texture. 
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